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- How have these values
been determined?
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1874

Boussines

ESSAI THEORIQUE

Sl

['EQUILIBRE DES NASSIFS PULVERULENTS,

COMPARE A CELUI DE MASSIFS SOLIDES,

ANNALES

DES

PONTS ET CHAUSSEES.

EE— M. J. BOUSSINESQ,

SUR LA POUSSEE DES TERRES SANS COHESION;

ESSEUR A LA FACULTE DES SCIENCES DE LILLE.

MEMOIRES ET DOCUMENTS.

5* 5ERIE.

© TOME VIII,

1874

8" SEMESTRE.

1874

BRUXELLES,

F. HAYEZ, IMPRIMEUR DE L'ACADEMIE ROYALE DE BELGIQUE.

1876

1876

- Strong criticism of the Rankine theory.

Introduction (1874)

Dans son mémoire, remarquable & plusieurs titres, On the stability of loose
Earth (™), le regretté M. Macquorn-Rankine a_donnéfune méthode inzénieuse
pour I'étude des distributions planes des pressions & l'intérieur de masses
pesantes quelconques en équilibre, etil a essayé, au moyen d'une hypothése qui
raméne analytiquement la question au probléme classique du refroidissement
d’une barre homogéne, de 'employer dans la recherche des pressions produites
aux divers points d'un massif sablonneux dont le profil supérieur est eourbe. -

Conclusion (1874)

La formule (1) montre

combien est inexacte I'hypothése de M. Rankine,

puisque 'expression qu'elle fournit pour X dépend, non pas seulement de H,
“comme il arriverait si elle pouvait étre de la forme F(H), mais encore
de y (7). Peut-tire trouvera-t-on un jour quelgue ordre de phénoménes
auquel I'hypothése considérée sera plus applicable, et qui réalisera ainsi

cette curieuse analogie d'une distribution de pressions avec le mouvement
de la chaleur dans une barre,

- New equations are proposed but it is not possible to provide closed-form solutions.




Résal (1903)
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Active earth pressures: first values

(horizontal component)

=i

o= | s [ s | 3 30 | 25 | 2
fin= 0.17339 | 0.22005 | 0,27462 | 0,33859 | 0,41378 | 0.50152
G = | 2127557 | 23:35'5" [2503T'50" 2728'507) 208" | 3007
v = 9332"3" | opo24's5" | 20022'10° | 320311107 | 35057 | 39052'55"
T =

§5° . 0,202 | 0258 l 0,322 | 0397 | 0486 | 0,58
§0° | o493 | o251 | 0318 | 0387 | 047 | 0,573
3 | o,49% | 0,266 ] 0307 | 0338 | 0463 | 0,560
30 0490 | o261 | 0301 | 037 | 0458 | 0,58
25° | o488 | 0237 [ 0204 | 0361 | 0441 | 0,533
2qe =081 | 0230 | 0.285 | 0.348 | 0,426 | 0,516
)50 0,078 | o210 | 0,270 | 0331 | 0408 | 0498
10 0,463 | 0,203 ’ 0,253 | 0312 | 0380 | 0479
50 0,150 | o180 | 0236 | 0206 | 0369 | 0,460
i 0,137 0,174 0.219 0,277 0,349 0,440
: B P— — | — —
- 3 0,2 | o459 | o201 | o258 | 0328 | 0316
- 100 0,000 | o442 | o183 | o237 | 0305 | 0390
- {50 0,005 | o125 | o463 | o216 | o280 | 0362
- 200 0,080 | 0408 | 0.143 | 0493 | o255 | 0,333
—~ 25 | 0,08 | 0,000 I 0,i23 | o170 | o229 | 0,300

5 |
0,157158 {
a2:30" |

2230
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0,172
0,172
0,172
0,472
0,472
0,170
0,163
0,154
0,442
0,130

0,118
0,105
0,094
0,076
0,060

500 35¢ 30¢ 25 200 !
0,21764 | 0,27099 | 0,33333 | 0,40587 | 0,89029 |
5o 27-30' 300 32430 35 |
2o 27:30' | 300 | 3230 3ie
l -
|
0217 | 0871 | 0333 | 0,406 | 0,490
0,217 | 0,271 | 0333 | 0,06 | 0,490
o217 | o2r1 | 0333 | 0408 | 0.490
o217 | 027t | 0333 [ o040¢ | 0,487
o217 | 0,260 | 0330 | 039 } 0,479
D215 | 0262 | 0320 | 0385 | 0,467
0,203 | o251 | 0307 | 0372 | 0454
0402 | 0,237 | 0292 | 0357 | 0,440
0,479 | 0222 | o027 | 038 | 042
0,165 | 0,206 | o259 | 0,32 [ 0,407
0,150 | 0,489 | o.2M J 0,308 | 0,386
0,135 | 0472 | o222 | 0283 | 0,363
0,120 | 0.45& | 0,202 | 0260 7
0,003 | 0,435 | o981 | 0,23 | 0309
0,086 | o416 | 045 | 0242 | 0,280




Caquot (1934)

an _ dt
= 3t — sinw (1) % = nm — cosw (2)
m=2k—1

EQUILIBRE

4

m =1+ 4tan?p + JtanZg — tan?a

MASSIFS A FROTTEMENT INTERNE

COSQ

STABILITE DES TERRES
PULVERULENTES OU COHERENTES

29534
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The stress state ensures the
equilibrium of the system
that is fully plastic.

The parameter k ensures that
the stress state with its
inclination a is on the Mohr
circle (‘4" for active state and
‘~" for passive state)

A first method is proposed
but the numerical values are

still those calculated by Résal
in 1903.




Ravizé (1945)
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The calculation principles are clearly
established with the distinction of
two parts: the first one is related to
the Rankine equilibrium while the
second one is related to the
Boussinesqg equilibrium.

The equations are undetermined: for
any stress inclination on the wall, it
is possible to find an earth pressure
on the wall that ensures the
equilibrium with the Rankine state on
the line OM,.

Some values are proposed.

7

Boussinesq
equilibrium

Rankine
equilibrium




Caquot and Kerisel (1948 and 1949

| | - . z—z=3t—sinw(1) ;—iznm—cosa)(Z)
5'1 TRAITE . . m =2k — 1
MECANIQUE DES SOLS m =1+ 4tan’@ + coicp JtanZg — tan?a
ST 5 R Active and passive earth
e mT TTEET o pressure coefficients are
Bk . o o

calculated for various cases
using a systematic procedure:

" EQUILIBRE DES MASSIFS A FROTTEMENT INTERNE
STABILITE DES TERRES PULVERULENTES OU COHERENTES

de A. CAQUOT

~~~~~~ | ’ the first tables proposed by
by, Caquot and Kerisel are
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Active and passive earth pressures

for weighted ground conditions

- Active earth pressures: the values are the same since 1948.

2 _ 2 2
Kay = Pha ke = o) ; In(p) =~ (2 e e 5) Stngln[(1— 0,9¢% — 0.1¢*)(1 — 0,3¢*)]
sin(p + 6)sin(p — B)
cos(A + 6) (1+Vcos(/1+6)cos(,8—/1)> p=>10

Coulomb-Poncelet coefficient




Active and passive earth pressures

for weighted ground conditions

- Active earth pressures: the values are the same since 1948.

2() — tan“p + tan*s
Kay = pkq Ko = 05 ( ?) o ) > In(p) = — (2 — anz'[zanzgn ) sinpln[(1 —0,9¢% — 0.1{*)(1 — 0,3¢3)]
sin(p + o)sin(p —
cos(A + 6) (1+Vcos(/1+6)cos(,8—/1)> p=>10

Coulomb-Poncelet coefficient

- Passive earth pressures: the values have varied.

Example:
c=0, ¢=30° and o6/¢ =-1

Caquot, Kerisel and Absi:
K,=6,42 (1948), K,=6,56 (1966),
K,=6,50 (1990)

Sokolowski (1965):
Kp=6,55

The differences are negligible for the practice but it may be interesting to better
understand how these values were determined.




le of numerical integration

¢=30°, B=0, A=0, 8/p=-1 (case 1)

Ground surface

Rankine
equilibrium

Wall ©=A=0
S
Q)/

: s
Boussinesq (9/
equilibrium

A% = 3t — sinw (1)
dt ,
7 = M — Cosw (2)

Runge Kutta (RK4) numerical
integration method




le of numerical integration

¢=30°, B=0, A=0, 8/p=-1 (case 1)

Ground surface

<
N\
~ /
N !
0\\6\\0‘\6\ no ;f
o N
7 s
I ‘9/74\‘_\ Rankine
S 779N L
= Do equilibrium
(o \SZ,* to
Boussinesq O@/
equilibrium
dn :
— = 3t — sinw (1)
dw

dt

Ty, = m — Cosw (2)

Runge Kutta (RK4) numerical
integration method

7
1\6,54?5556361
6
\ Integration
% 5 w}r for path 2
g A \ | Rankine slip line
£ ‘Lt\
S 3 AN
v T ¢ o—t-o
} L= ——ﬁ
v 2,74254186
Integration
Wall +— forpath1l
N | |
0 10 20 30 40 50 60
Omega - w (°)
—6—Path1 —a—Path2
-0
7
6,547586361
6
\\ Integration
a
E 5 for path 2
M
o4 Integration
= Il for path 1
3
= o OO
2 2,/4254186
T 2
1
0
-40 -30 -20 -10 0 10

Alpha - a (%)

——Path1 ——Path?2




le of numerical inte

ration

¢=30°, =0, A=0, &/¢p=-1 (case 1)
Ground surface
S
N
N !
~ ,"
N ;
0\\6\\0‘:\ nO’I
i 7
I 6’74\.\ Rankine
S /0 N el s
equilibrium
o SNt
© (;’O 0
= /4
Boussinesq ’7@/
equilibrium
an ]
— = 3t — sinw (1)
dw
dt 2)
— =nm — COSw
dw
Runge Kutta (RK4) numerical

integration method

Passive earth pressure

Passive earth pressure
= () (h N un (9)} ~J

o

~J

1\6,551?5256361
6
\ Integration
5 w}r for path 2
. \\ | Rankine slip line
RN
AN
3 & ——
4 - = —
2,74254186
2 =
Integration
Wall T— forpathl
N |
0 10 20 30 40 50 60
Omega - w (°)
—6—Path1 —a—Path2
-0
6,547586361
\\ Integration
*\ for path 2
Integration
Il for path 1
— =" = €)
2,/4254186
-40 -30 -20 -10 0 10

Alpha - a (%)

——Path1 ——Path?2

Method presented:
K,=6,548

Caquot, Kerisel, Absi:
K,=6,42 (1948), K,=6,56
(1966), K,=6,50 (1990)

Sokolowski (1965):
K,=6,55




Other examples

0,9 0,8855[74968
o 08 Active earth pressure — 8/¢
> 0,7
g Relative
206
£ 05 077 5222?&‘-—-&- PR . ¥ . -1 -2/3 0 2/3 L
S 04 B inclination
g —ol—o;
503 0333333355 53 Presented
< 02 230R9] 0307225553 hod 0,886 | 0,477 | 0,333 | 0,301 | 0,307
m e (@)
¢=30°, =0, A=0 (case 1) D’; Caquot
40 30 -20 10 O 10 20 30 40 _ 0,981 0,476 0,333 0,300 0,308
. +Gr04und surface Alpha - a (°) Kerise I
N A
\\\\1,}/ 1b —e—Path1 —&—5/g=1 —6—5/p=-2/3 Coulomb 0,866 0,469 0,333 0,297 0,297
El’?\}f’)\/}{‘f ——5/@=0 ——05/9p=2/3 ——5&/p=1
o < \Zb Qj\ 7
2 \ e O 1&5,54?595039
S \‘C’“ 00\*\\ 6
g 2. *"@%} o \ $5:25592p558 Passive earth pressure — 0/0
L = .
’% & z %, j Relative )3 ) )3
% 2 1] - 1
© 5. If 299999956 inclination
e e S e presented
. . _ —_ g 2 1462429751 6 55 5 26 30 1 46 - -
1b : Rankine equilibrium for 2b : Boussinesq equilibrium o h d ’ ’ ’ ’
passive state for passive state 1 ] m e t O
Caquot
’ 4 6,50 5. 30 3 0 1.46
40 30 20 -10 0 10 20 30 Kerisel

—e—Path1 ——0§/@=

Alpha - a (°)

-1 ——6/p=-2/3 —&—6/p=0 ——56/p=2/3




Other examples

¢=20°, 3=12°, A=-20° ( case 2)

Passive earth pressure

0l40548201 { ~

0,361573%76 4 3

0,1
0
-30 -20 -10 0 10 20 30
Alpha - a (%)

—e—Pathl —=—§&/p=-1 ——06/p=-2/3

——5/p=0 ——§/p=2/3 ——§&/p=1
6

\51,3939??3?2
5 \ Ia,; 17488361
4

U 3,215|151839
3 i
461287241
2 i
1
1,029585914
0
-30 -20 -10 0 10 20 30
Alpha - a (°)
—e—Path1l —a—§/p=-1 ——06/p=-2/3
——8/p=0 ——06/p=2/3 ——&/p=1

Active earth pressure — 0/

Relative
- -1 -2/3 0 2/3 1
inclination
Presented
0,792 0,533 0,405 0,362 0,356
method
Caquot
_ 0,869 0,533 0,405 0,358 0,355
Kerisel
Coulomb 0,766 0,533 0,403 0,349 0,334
Passive earth pressure — d/¢
Relative
- -1 -2/3 0 2/3 1
inclination
Presented
5,39 4,72 3,22 1,86 1,03
method
Caquot
. 5,40 | 4,70 3,20 1.86 -
Kerisel




Failure mechanism — Sli

Case 1 Case 2

0,2 0 01 0,2 0,3 0,4 0,5 0,6 0.7 -0,5 0 0,5 1 1,5

0,4

° ? ~ -0,2

pressures | R 05
0,6 T e o

r = o~ Jtan§(w).dw | ip. N R
sina) ’ %'%;q' 0,6

(1))
-. t
;8

_n.,9 (Wo—a) . : (
E(w) = L > and w, = arcsin Sine

0,8

1,2

ceesdann 6,&3:2]3 ........ 6}’@:1




Failure mechanism — Sli

Case 1 Case 2
0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 05 0 05 . Ls
0,2 04
0 ;r\\ S ' ©
Active earth 02 I
04 | e e
pressures | o S
0,6 o] = ﬁ.-ﬁ'jﬁjf‘%:x -
r=e | tang(w).dw with: 03 g-*mﬂ_.--ﬂjﬁv:.’?;"’
T Wo—a . [sina ’ o AL
5((1)) = —+ ¢ _ (Wg—a) andwa - aTCSlTL( : ) r e
4 2 2 sing 1 ¢
1,2
ceesdann 6,&3:2]3 ........ 6}’@:1
Case 1
0 0,5 1 1,5 2 2,5 3 2,5
. 0,2
Passive earth
0 o > =1 = =
N
pressures RN
\:@:_\_.-
=~ [ tané(w).dw with- 0,4 f‘” <
T Wat+a . (sina e AT\ .
E(w)==—2+ War®) ond Wy = arcsm( _ ) 06 A=~
4 2 2 sing g 1N A
- IR CHER N
0,8 «o ﬁlﬁ.-- '.o__,w ’: A ~
SA '@,.0"‘3 LA
1 n‘.,g_j-‘-‘*'“‘ e
Ao opy o 12
1,2 colyees §fp=-1  -@eer §/p=-2/3 -t §/p=0
coedyes §f@=-1 @ §fp=-2/3 -t §f=0 0. §/p=2/3 e §fp=2/3 &/p=1




Wall ®=1=0

A last exam

kinematical a

(p=350; B=0, A=0, 6/(P='2/3

Ground surface

N\
N
N
N ’
9,
0\.\5\\ Ng
- 0\.\
/’P@\‘\ Rankine
7 7 equilibrium
o Nt
@& 0
4-
_ Q.
Boussinesq s
equilibrium >

9
3 7,77260863 I
\ Rankine slip line
o 7 \ Integration
5 ‘5\\ for path 2
2 6 oS
a
S5 AL
S 4 \\‘{
2 ——a
23 e \
& , e Ny
Wall Integration
1 I —T—— for path1 ~ |
0 I I
0 10 20 30 40 50 60 70
Omega - w (°)
/3¢ '} —E—Path2
2 |
8
/?,7 /260863
7
E .
36 Integration
3 for path 2
25
i
£
o 4
S - —
2 3
o Integration for
2 path 1
1
0
-40 -30 -20 -10 0 10
Alpha - a (°)

—6—Path1 —&—Path?2

Presented method: Ko=7,77

Caquot-Kerisel: K ;=8,0

The difference is significant
even if it remains very low
and negligible for the
practice.
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Simon (2002)
v Rendulic (1935)
A £ !

i

v

-, L
N
ol T Toh w
Gn .

A kinematical approach provides: K,=7,95

Methode de calcul : Calcul a la rupture
leu de coefficients de sécurité : Unitaire

Fmin = 7,9533 (Fmin = 1) | XF = 1,0000 (XF = Fmin = 1,00)

Talren (2022)

-1,2 -0,8 -04 O 1,6 2 2,4 2,8 3,2

Presented method mechanism

Log-spiral mechanism

The two mechanisms are very similar.

- The « true » value should be between 7,77 and 7,95.




Conclusions

Around 175 years after Coulomb, Caqguot and Kerisel developped another approach to
assess active and passive earth pressures for weighted ground conditions from the
contributions of Bousinesq, Résal and Ravizé.

Failure mechanisms can also be obtained and compared to those considered by Coulomb
explaining why Coulomb approach is not on the safe side.

Today, Bousinesq, Caquot and Kerisel approaches can be compared to some other
solutions obtained by the kinematical approach of the yield analysis.

New values of active and passive earth pressure coefficients might be thus obtained by
comparing both Bousinesqg, Caquot and Kerisel approaches and the kinematical approach
of the yield analysis.
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